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Location-scale model

H0 :

F1(x) = F2

(
x− µ
σ

)
, x ∈ R

F−11 (t) = σF−12 (t) + µ, t ∈ [0, 1]

Transformation

Ỹi = σ̂Yi + µ̂

H0 for transformation

F1(F̃
−1
2 (t)) = t, t ∈ [0, 1]
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Location-scale model

Density functions that belong to the location scale class

Normal distribution: f(x, µ, σ) =
1√
2πσ2

e
− (x−µ)2

2σ2

Uniform distribution: f(x, a, b) =
1

b− a
for a ≤ x ≤ b

Cauchy distribution: f(x, µ, γ) =
1

π

[
γ

(x− µ)2 + γ2

]
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Location-scale model

PP plot example
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N(0,1) against N(1,1) with sample sizes n=m=100

Empirical PP plot
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Lehmann's alternatives model

H0:

F1(x) = 1− (1− F2(x))
1/h, x ∈ R

F−11 (t) = F−12 (1− (1− t)h), t ∈ [0, 1]

Transformation

Ỹi = F−12m(1− (1− F2m(Yi))
ĥ)

H0 for transformation

F1(F̃
−1
2 (t)) = t, t ∈ [0, 1]
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Lehmann's alternatives model

Density functions that belong to the Lehmann's alternative class

Exponential distribution: f(x, λ) = λe−λx, x ≥ 0

Weibull distribution: f(x, λ, k) =
k

λ

(x
λ

)k−1
e−(x/λ)

k
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PP plot example
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Weib(2,6) against Weib(2,9) with sample sizes n=m=100

Empirical PP plot
Theoretical PP plot
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Parameter estimation using Mallows distance

Location scale

M(F1,F2) :=

∫ 1

0

(F−11 (t)− σF−12 (t)− µ)2dt

Lehmann's alternatives

M(F1,F2) :=

∫ 1

0

(F−11 (t)− F−12 (1− (1− t)h)2dt
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Statistics

Location scale

sup
0≤t≤1

|
√
n(F1n(σ̂F

−1
2m(t) + µ̂)− F1(σF

−1
2 (t) + µ))|

or

sup
0≤t≤1

|
√
n(F1n(F̃

−1
2m(t))− F1(F̃

−1
2 (t)))|

Lehmann's alternatives

sup
0≤t≤1

|
√
n(F1n(F

−1
2m(1− (1− t)ĥ))− F1(F

−1
2 (1− (1− t)h)))|

or

sup
0≤t≤1

|
√
n(F1n(F̃

−1
2m(t))− F1(F̃

−1
2 (t)))|
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Statistics

Assymptotical distribution for Location scale model

sup
0≤t≤1

|
√
n(F1n(σ̂F

−1
2m(t) + µ̂)− F1(σF

−1
2 (t) + µ))| →

sup
0≤t≤1

∣∣∣∣B(n)(t) +

√
n

m
B(m)(t) +

√
nf2(F

−1
2 (t))((µ̂− µ)− F−12 (t)(σ̂ − σ))

∣∣∣∣
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First idea

Nonparametric Bootstrap

sup
0≤t≤1

|
√
n(F∗1n(σ̂

∗F∗2m
−1(t) + µ̂∗)− F1n(σ̂F

−1
2m(t) + µ̂))|

We bootstrap samples from F1n and F2m.
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Bootstrap

Result

Histogram of the bootstraped statistics

Samples with distributions N(0,1) and N(1,4) with sample sizes n=m=500
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Histogram of the theotretical statistics

Samples with distributions N(0,1) and N(1,4)
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Smooth estimators

Kernel definition

Function K is called a kernel if∫∞
−∞K(u)du = 1;

∀u K(−u) = K(u).

Smoothed estimators

Density function: f̂n(x) = 1/(nh)
∑n

i=1K((x−Xi)/h);
Define H(x) =

∫ x
−∞K(u)du then the smoothed distribution function is

estimated as

F̂n(x) = 1/n

n∑
i=1

H((x−Xi)/h))
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Smooth bootstrap (L. Horwáth, 2008 )

sup
0≤t≤1

|
√
n(F̂∗1n(σ̂

∗F̂∗2m
−1(t) + µ̂∗)− F̂1n(σ̂F̂

−1
2m(t) + µ̂))|

Samples are bootstrapped from F̂1n and F̂2m.
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Smooth bootstrap

Result

Histogram of the smooth bootstraped statistics

Samples with distributions N(0,1) and N(1,4) with sample sizes n=m=500
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Histogram of the theotretical statistics

Samples with distributions N(0,1) and N(1,4)

F
re

q
u
e
n
c
y

0.5 1.0 1.5 2.0

0
1

0
0

2
0

0
3

0
0

4
0

0

Juris Cielçns (UL) Bootstrap methods for structural relationship models 28.05.2011 15 / 18



Application

Drilling data

Dry drilling data
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Application

Drilling data
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Application

Drilling data
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