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Atkarîgas gadîjuma lielumu virknes

Kâ mçrît gadîjuma lieluma virkòu atkarîbu, ja tâm nav definçta kâda
noteikta iekðçja struktûra?

Definîcijas (Bradley, 2007)

Pieòemam, ka (Ω,F ,P) ir varbûtîbu telpa un A,B ⊂ F ir σ-algebras.
Pieci atkarîbas mçri:

α(A,B) := sup |P(A ∩ B)− P(A)P(B)|,A ∈ A,B ∈ B;

φ(A,B) := sup |P(B|A)− P(B)|,A ∈ A,B ∈ B,P(A) > 0;

ψ(A,B) := sup | P(B∩A)
P(A)P(B) − 1|,A ∈ A,B ∈ B,P(A) > 0,P(B) > 0;

ρ(A,B) := sup |Corr(f, g)|, f ∈ L2real(A), g ∈ L2real(B);
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Atkarîgas gadîjuma lielumu virknes

...
un visbeidzot

β(A,B) := sup(1/2)
I∑

i=1

J∑
j=1

|P(Ai ∩ Bj)− P(Ai)P(Bj)|,

kur suprçms ir òemts pâr visâm Ω partîcijâm {A1,A2, ...,AI} un
{B1,B2, ...,BJ} tâ, ka Ai ∈ A visiem i un Bj ∈ B visiem j.
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Ja meklç atkarîbas koeficientus (ðeit parâdîts tikai β) gadîjuma lielumu
virknei XXX = {Xt}∞t=−∞, definç σ-lauku FL

J := σ(Xt, J ≤ t ≤ L) un

β(n) = β(XXX,n) := sup
t
β(F t

−∞,F∞t+n),

ja XXX ir stacionârs

β(n) = β(XXX, n) := β(F0
−∞,F∞n ).
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Iepriekð definçto atkarîbas koeficientu savstarpçjo
attiecîbu shçma

ψ −mixing :⇒ φ−mixing :⇒


β −mixing :⇒ α−mixing
& 9 8
ρ−mixing :⇒ α−mixing

Aleksis Jurðevskis (LU) β-mixing koeficientu novçrtçjums 15.09.2011 5 / 17



Kopçjâs variâcijas (total variation) norma

Definîcija
Pieòemsim, ka P1 un P2 ir diskrçti sadalîjumi ar blîvuma funkcijâm
f(k), g(k), k ∈ N. Tad kopçjâs variâcijas normu var definçt ðâdi:

||P1 − P2||TV =
∑
k

|f(k)− g(k)|

Piemçrs
Ar Pn apzîmçsim binomiâlo Bin(n, θ) sadalîjumu, ar Qn Puasona P(nθ)
sadalîjumu. Tad var pierâdît, ka

||Pn −Qn||TV ≤ nθ2,

no kâ var secinât, ka Qn labi aproksimç Pn pie maziem θ.
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tenzoru reizinâjums (tensor product)

Definîcija, Friedlander 1982

Ja X un Y ir vaïçjas kopas attiecîgi Rn un Rm un ja f ∈ C0(X) un
g ∈ C0(Y), tad funkciju f ⊗ g ∈ C0(X×Y) var definçt kâ punktveida
reizinâjumu (pointwise multiplication)

f ⊗ g(x, y) = f(x)g(y), (x, y) ∈ (X×Y)

Ðo paðu ideju, izmantojot daþâdas konstrukcijas, var realizçt arî ar
sadalîjuma funkcijâm varbûtîbu telpâs, rezultâtâ iegûstot sadalîjumu
tenzoru reizinâjumu.
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Cita β() definîcija

Definîcija, Doukhan 1994
Pieòemsim, ka XXX = {Xt}∞t=−∞ ir gadîjuma lieluma virkne. Ar
XXXj
i ≡ {Xt}jt=i apzîmç kâdu ðîs virknes daïu jeb bloku. Ar Pji apzîmç XXXj

i

sadalîjumu (joint distribution). Tad katram nenegatîvam a

β(a) ≡ sup
t
||Pt−∞ ⊗ P∞t+a − Pt,a||TV,

kur || · ||TV ir kopçjâs variâcijas norma, Pt−∞ ⊗ P∞t+a ir attiecîgo
sadalîjumu tenzoru reizinâjums un Pt,a ir (XXXt

−∞,XXX∞t+a) sadalîjums.

Suprçmu var atmest, ja XXX ir stacionârs process, ko arî darâm.
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McDonald piedâvâtais novçrtçjums

Definîcija, McDonald 2011

Pieòemsim, ka f̂ ir gadîjuma lielumu virknes novçrojumu sadalîjuma
histogramma un f̂2a ir 2-dimensiju sadalîjuma histogramma, ko veido
sâkotnçjie novçrojumi un tie paði novçrojumi, kas nobîdîti (shifted) par
a vienîbâm. Tad varam konstruçt β(a) novçrtçjumu

β̂(a) =
1
2

∫
|̂f ⊗ f̂ − f̂2a |.

Salîdzinâjumam iepriekðçjâ definîcija:

β(a) ≡ sup
t
||Pt−∞ ⊗ P∞t+a − Pt,a||TV,
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Ilustrâcija

f̂2a konstruçðana

1. solis: ìenerç n + a novçrojumus un definç A = {w1,w2, ...,wn};
2. solis: nobîda A par a vienîbâm B = {wa+1,wa+2, ...,wn+a};
3. solis: veido divdimensiju notikumus
(A,B) = {(w1,wa+1), (w2,wa+2), ..., (wn,wn+a)}
4. solis: histogrammç (A,B)
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Ilustrâcija

f̂ ⊗ f̂ konstruçðana
1. solis: òem tos paðus n novçrojumus A = {w1,w2, ...,wn};
2. solis: konstruç Dekarta reizinâjumu
A×A = {(w1,w2) : w1 ∈ A,w2 ∈ A}
3. solis: histogrammç A×A

Rçíina β̂(a) = 1
2

∫
|̂f ⊗ f̂ − f̂2a |, atòemot vienu histogrammu no otras.

Aleksis Jurðevskis (LU) β-mixing koeficientu novçrtçjums 15.09.2011 11 / 17



AR(1) procesa xt = 0.9xt−1 + wt 1000 realizâciju f̂2
a
un

f̂ ⊗ f̂ histogrammas
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Piemçrs ar Markova íçdi

Jebkurai Markova íçdei ar diskrçtu stâvokïu telpu, kam zinâma
stâvokïu pârejas matrica P, var izrçíinât β(a).

Piemçrs, β(a) = 4
9

(1
2

)a

P =

(
0.5 0.5
1 0

)
Pârejas shçma: A0.5 88

0.5
)) B

1

ii

Vidçjâ vçrtîba no simts reizes rçíinâtas β̂(a) statistikas
n = 50 n = 100 n = 200 β(a)

a = 1 0.2167 0.2144 0.2228 0.2222
a = 2 0.1109 0.1058 0.1102 0.1111
a = 3 0.0742 0.0675 0.0576 0.0555
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Piemçrs ar AR(1) modeli

Tika aplûkoti trîs daþâdi AR(1) modeïi xt = φxt−1 + wt, taèu îstais
β(a) nav zinâms. Simulâcijâs tika iegûti ðâdi 95% ticamîbas intervâli:

β̂(1)
φ = 0.9 [0.4566, 0.5316]
φ = 0.6 [0.2287, 0.2752]
φ = 0.3 [0.1456, 0.1843]
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AR(1) simulâcijâs, lai noteiktu vislabâko histogrammas iedaïas
platumu h, tikai izmantota ðâda metode:

Krosvalidâcijas metode, Wassermann 2006
Meklç ðâdas funkcijas minimumu pa visiem h

Ĵ(h) =
2

h(n− 1)
− n + 1

h(n− 1)

m∑
j=1

p̂2j ,

kur h ir iedaïas platums, m ir to skaits, p̂j ir novçrtçtâs varbûtîbas.

Taèu tâ nav paredzçta nedz atkarîgiem datiem, nedz divu dimensiju
histogrammai. Nâkotnç varçtu apskatît iespçju blîvuma funkcijas
noteikðanai histogrammas vietâ izmantot kodolu metodi.
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Potenciâls pielietojums

Teorçma, Doukhan 1995
Pieòemsim, ka {Xt}∞t=1 ir gadîjuma lieluma virkne, kas izpilda ðâdus
nosacîjumus:
∀t ∈ N,EXt = 0;

∃σ2 ∈ R+,∀n,m ∈ N : 1
m

(Xn + ...+ Xn+m)2 ≤ σ2;

∀t ∈ N, |Xt| ≤ M;

un katram ε > 0, θ = ε2

4
, q ≤ n

1+θ , tad

P(|
n∑
i=1

Xt| ≥ x) ≤ 4 exp{− (1− ε)x2

2(nσ2 + qMx/3)
}+ 2n

β(dqθe − 1)

q
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Paldies par uzmanîbu!

Jautâjumi un atbildes (varbût)!
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