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M-novçrtçjumi

M-novçrtçjums

Pieòemsim, ka X1,X2, . . . ,Xn ∼ iid ar sadalîjuma funkciju F.
M-novçrtçjums ir statistiskais funkcionâlis Tn, kas noteiktai

funkcijai ρ minimizç

n∑
i=1

ρ(Xi, t) =

∫
ρ(x, t)dFn(x),

kur Fn - sadalîjuma funkcija.

Ja ρ ir diferencçjama pçc t, tad
∑n

i=1
ρ(Xi, t) minimizç

vienâdojuma
∑n

i=1
ψ(Xi, t) = 0 sakne, kur ψ(x, t) = ∂

∂tρ(x, t).
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M-novçrtçjumi

Piemçri

Ja ψ(x, t) = x− t, tad Tn = X̄.

Ja ψ(x, θ) = − d
dθ log f(x, θ) kâdai noteiktai blîvuma funkciju

klasei f(x, θ), tad Tn ir sakne ticamîbas vienâdojumam

d

dθ
log

(
n∏

i=1

f(Xi, θ)

)
= 0.

Mediâna. ψ(x, t) = ψ0(x− t), kur ψ0(z) = k sgn(z), k > 0.
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Hubera novçrtçjums

Hubera lokâcijas parametra M-novçrtçjums

Hubers (1964) ieviesa ψ(x, t) = ψ0(x− t), kur

ψ0(z) =


c, z ≥ c

z, |z| < c

−c, z ≤ −c.
(1)

Motivâcija:

Neierobeþotâm ψ funkcijâm piemît nevçlamas îpaðîbas

(piemçram, izlçcçju ietekme;

Ievçro, ψ robeþgadîjumiem atbilstoðos M-novçrtçjumus:

Ja c→∞, tad iegûst vidçjo vçrtîbu;
ja c→ 0, tad iegûst mediânu.
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Hubera novçrtçjums

Skalçtais lokâcijas parametra novçrtçjums
Nepiecieðams robusts dispersijas novçrtçjums! Aplûko

ψ(x, t) = ψ0((x− t)/Sn),

kur

Sn = MAD = median(|Xi −median(Xi)|).

Atbilstoðais M-novçrtçjums

n∑
i=1

ψ

(
Xi − t

Sn

)
= 0.

Vislielâkâs ticamîbas novçrtçjums, kur blîvuma funkcijas "vidum"

ir normâlais, bet astçm - dubultais eksponenciâlais sadalîjums.

Robusts novçrtçjums, pat ja dati satur augstu procentu izlçcçju

(lîdz 50 %).
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Hubera novçrtçjums

Piemçrs. Ìenerçti dati no N(0, 1) sadalîjuma, n = 50.

Hubera novçrtçjums t = 0.030, X̄ = 0.194, mediâna= 0.048.
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EL metode M-novçrtçjumiem

EL metode

X1,X2, . . . ,Xn ∼ iid, ar nezinâmu sadalîjuma funkciju F un

parametru θ.

Funkcija g(X, θ), E{g(X, θ)} = 0

EL vidçjai vçrtîbai: g(Xi, θ) = Xi − µ;
Funkciju L(F) =

∏n
i=1

ωi maksimizç pie ierobeþojumiem

ωi ≥ 0,
∑

ωi = 1,
∑

ωig(Xi, θ) = 0.
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EL metode M-novçrtçjumiem

Empîriskâ ticamîbas funkcija parametram θ:

L(θ) =
n∏

i=1

ωi =
n∏

i=1

n−1{1 + λ(θ)g(Xi, θ)}−1

Empîriskâ ticamîbas attiecîba parametram θ:

L(θ0) =
L(θ)

L(θ0)
=

n∏
i=1

{1 + λ(θ)g(Xi, θ)}−1.

Logaritmiskâ empîriskâs ticamîbas attiecîba (Neparametriskâ

Vilksa teorçma)

W(θ0) = −2 logR(θ0)→d χ
2
1,

kad n→∞ un spçkâ H0 : θ = θ0.
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EL metode M-novçrtçjumiem

Owen (1988) ieguva EL ticamîbas intervâlus plaðai

M-novçrtçjumu klasei, tai skaitâ Hubera novçrtçjumam.

Pie noteiktiem regularitâtes nosacîjumiem, M-novçrtçjumiem

ir spçkâ Vilksa teorçma.

Tsao, Zhu (2001) parâdîja, ka EL ticamîbas intervâli Hubera

novçrtçjumam ir asimptotiski robusti.
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EL metode M-novçrtçjumiem

EL ticamîbas intervâli Hubera novçrtçjumam

Empîriskâ ticamîbas attiecîbu parametram t

R(t) = sup{
n∏

i=1

ωi

n∑
i=1

ωiψ(Xi, t) = 0, ωi ≥ 0,

n∑
i=1

ωi = 1}

maksimizç
∏
ωi(λ), kur

ωi(λ) = {n(1 + λZi)}−1,

kur Zi = ψ(Xi, t) un λ iegûst no

n−1
∑

Zi/(1 + λZi) = 0.
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EL metode M-novçrtçjumiem
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att.: EL -2*ln ticamîbas lîknes
(a) N(0, 3) (b) 0.95 ∗N(0, 3) + 0.05 ∗N(20, 3)
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EL metode M-novçrtçjumiem

tabula: Hubera un vidçjâs vçrtîbas novçrtçjumi un ticamîbas intervâli,
alpha=0.05

N(0, 3) 0.95*N(0,3)+0.05*N(20,3)

Izlase Intervâls Novçrtçjums Intervâls Novçrtçjums

n=50 EL(huber) 0.494 EL(huber) -0.055 EL(huber) 1.706 EL(huber) 0.159

EL(vid.vert) 0.492 EL(vid.vert) -0.064 EL(vid.vert) 3.140 EL(vid.vert) 1.008

t-test 0.506 vid.vert -0.064 t-test 3.117 vid.vert 1.008

z-test 0.554 huber -0.076 z-test 0.554 huber 0.159

Butstraps 0.497 Butstraps 3.057

n=20 EL(huber) 0.667 EL(huber) -0.167 EL(huber) 2.478 EL(huber) -0.441

EL(vid.vert) 0.667 EL(vid.vert) -0.167 EL(vid.vert) 4.894 EL(vid.vert) 0.498

t-test 0.732 vid.vert -0.167 t-test 4.938 vid.vert 0.498

z-test 0.877 huber -0.643 z-test 0.877 huber -0.441

Butstraps 0.699 Butstraps 4.583

n=10 EL(huber) 1.001 EL(huber) -0.067 EL(huber) 4.303 EL(huber) -0.189

EL(vid.vert) 1.001 EL(vid.vert) -0.067 EL(vid.vert) 9.680 EL(vid.vert) 1.008

t-test 1.239 vid.vert -0.067 t-test 11.494 vid.vert 1.799

z-test 1.240 huber -0.201 z-test 1.240 huber -0.189

Butstraps 1.039 Butstraps 9.740
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