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Tapered block bootstrap

X1,X2, . . . ir stacionâri un vienâdi sadalîti gadîjuma lielumi no
Rm ar sadalîjumu F. X1, . . . ,Xn ir dota izlase un
Tn = Tn(X1, . . . ,Xn) ir novçrtçjums parametram T(F).
Piemçram,

Tn = f(n−1
∑n

t=1 φ(Xt)),

kur f : Rd → R un φ : Rm → Rd.
MBB (Kunsch 1989) novçrtçjums Var(

√
nTn) bloka garumam b

ir σ̂2b,MBB. Pie daþiem momentu un jaukto procesu
nosacîjumiem

Bias(σ̂2b,MBB) = O(1/b) un Var(σ̂2b,MBB) = O(b/n).
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Tn ir lineâra, ja

Tn = T(F) + n−1
∑n

t=1 IF(Xt,F) + Rn,

kur Rn ir mazs. Funkcija IF statistikai Tn ir definçta

IF(y,F) = limε↓0
T((1−ε)F+εδy)−T(F)

ε ,

kur δy punktâ y ir 1. Praktiksi IF(y,F) netiek lietota, jo F nav
zinâms, bet lieto empîrisko IF(y, F̂n), kur F̂n ir empîrisks
sadalîjums ar 1/n katrâ X1, . . . ,Xn.

supy |IF(y, F̂n)− IF(y,F)| = OP(1/
√
n).
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Yt := IF(Xt, F̂n), t = 1, . . . ,n.

Piemçrs

Tn = X̄ = n−1
∑n

t=1Xt, kurai m = 1 un f un φ ir identitâtes
funckijas, Rm = 0. IF(y,F) = y −

∫
xdF(x) un

IF(y, F̂n) = y − X̂, tâtad Yt = IF(Xt, F̂n) = Xt − X̂.
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Tapered block bootstrap (TBB) ideja ir lietot svarus wn(·),
n = 1, 2, . . ., lai samazinâtu bloka sâkuma un beigu elementu
nozîmi. wn(t) vçtîbas ir [0, 1] un wn(t) = 0, t 6∈ {1, . . . ,n}.
‖wn‖1 =

∑n
t=1 |wn(t)| un ‖wn‖2 =

√∑n
t=1w2

n(t).

wn(t) = w( t−0.5
n

), kur

w(·) apmierina nosacîjumus:
w(t) ∈ [0, 1] visiem t ∈ R, w(t) = 0, ja t 6∈ [0, 1], un
w(t) > 0 pie t = 1/2;
w(t) ir simetriska pret t = 1/2 un nedilstoða t ∈ [0, 1/2].

Ja w(t) = 1[0,1](t), tad TBB ir ekvivalents MBB. Lai TBB
iegûtu novirzes uzlabojumu w ir jâbût gludai, t.i.,
w ∗ w(t) =

∫ 1
−1w(x)w(x + |t|)dx ir divreiz nepârtaukti

diferencçjama t = 0.
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TBB procedûra:
izvçlamies bloka garumu b un i0, i1, . . . , ik−1 ir vienmçrîgi
sadalîti no {1, . . .Q}, Q = n− b + 1, k = [n/b];
konstruçjam Y∗1, . . . ,Y

∗
l ar l = kb

Y∗mb+j := wb(j)
√
b

‖wb‖2Yim+j−1, kur j = 1, . . . ,b,
m = 0, 1, . . . , k− 1;

Ȳ∗l = l−1
∑l

i=1Y
∗
i .

TBB dispersijas novçrtçjums σ̂2b,TBB := Var∗(
√
lȲ∗l ) un

sadalîjuma P(
√
n(Tn − T(F)) ≤ x) novçrtçjums P∗(

√
lȲ∗l ≤ x).
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Teorçma

Eσ̂2b,TBB = σ2∞+ Γ/b2 + o(1/b2) un Var(σ̂2b,TBB) = ∆b
n

+ o(b/n),

kur Γ un ∆ ir konstantes. Pie tam
supx |P∗(

√
l(Ȳ∗l − E∗Ȳ∗l ) ≤ x)− P(

√
n(Tn − T(F)) ≤ x)| −→p 0.
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MSE(σ̂2b,TBB) = Γ2

b4
+ ∆ b

N
+ . . .. MSE tiek minimizçts pie

bopt = (4Γ2

∆ )1/5n1/5. Tad minimâlâ asimptotiskâ MSE

MSEopt = (Γ2/5∆4/5 5
44/5

)n−4/5.

∆ un Γ ir atkarîgas no w un kovariâcijâm. w tiek izvçlçts tâ, lai
minimizçtu

|w̃′′(0)| ∗ ‖w̃‖42, kur

w̃(t) = (w ∗ w)(t)/(w ∗ w)(0).
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wTRAP
c (t) =


t/c t ∈ [0, c];

1 t ∈ (c, 1− c];

(1− c)/t t ∈ (1− c, 1].

,

kur c ' 0.43.

(a) (b)
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Xt = 0.6sin(Xt−1) + Zt, kur Zt ir N(0, 1) un n = 200. Tn = X̄.
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Dependent wild bootstrap

Doti X1, . . . ,Xn ir stacionâri ar µ = E(Xt) un γk = cov(X0,Xk).
Dependent wild bootstrap (DWB) izlases elementi ir

X∗i = X̄n + (Xi − X̄n)Wi, i = 1, . . . ,n, kur

X̄n = n−1
∑n

t=1Xt un {Wi}ni=1 ir gadîjuma lielumi.

Pieòçmums
Gadîjuma lielumi {Wt}nt=1 ir neatkarîgi no X1, . . . ,Xn,
E(Wt) = 0 un var(Wt) = 1, t = 1, . . . ,n. Wt ir stacionâri ar
cov(Wt,Wt′) = a((t− t′)/l), kur a(·) ir kodola funkcija un l = ln.
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Pie momentu un kovariâciju nosacîjumiem
Tn :=

√
n(X̄n − µ)→D N(0, σ2∞), kur σ2∞ =

∑∞
j=−∞ γj.

σ̂2l,DWB = n−1
n∑

t,t′=1

(Xt − X̄n)(Xt′ − X̄n)cov∗(Wt,Wt′)

= n−1
n−1∑

h=1−n

min(n,n−h)∑
t=max(1,1−h)

(Xt − X̄n)(Xt+h − X̄n)a(h/l)

= 2πf̂n(0), kur

f̂n(λ) = (2π)−1
∑n−1

k=1−n a(k/l)γ̂kcos(kλ) ir spektra novçrtçjums
un a(·) ir lag window funkcija.
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Teorçma

E(σ̂2l,DWB) = σ2∞ + Γ/l2 + o(1/l2) un var(σ̂2l,DWB) = ∆ l
n

+ o(l/n),

kur Γ un ∆ ir konstantes.

σ̂2l,DWB un σ̂2l,TBB ir asimptotiski vienâdi, ja
a(x) = w ∗ w(x)/w ∗ w(0) un l ir vienâdi abâm metodçm.
Ja a(x) = (1− |x|)1(|x| ≤ 1), tad DWB ir vienâds ar MBB.
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Vispârîgâ gadîjumâ DBW ir lietojams lineârâm statistikâm.
Dotai izlasei X1, . . . ,Xn ar sadalîjumu F parametra
θ = T(F) novçrtçjums ir θ̂ = T(ρn), kur ρn = n−1

∑n
t=1 δXt .

Tn(ρn) = T(F) + n−1
∑n

t=1 IF(Xt,F) + Rn.
Pie nosacîjumiem
nvar(θ̂) = n−1var(

∑n
t=1 IF(Xt, ρn)) + o(1).

Butstrapotais mçrs ρ∗n = n−1
∑n

i=1 (Wi + 1− W̄n)δXi
, kur

W̄n = n−1
∑n

t=1Wt un {Wt}nt=1 ir gadîjuma lielumi.
Ja T(F) =

∫
xdF, tad T(ρn) = X̄n un T(ρ∗n) =

n−1
∑n

t=1 (Wt + 1− W̄t) = X̄n + n−1
∑n

t=1Wt(Xt − X̄n).
Vispârîgâkâm statistikâm var bût problçmas ar butstrapa
izlases iegûðanu, jo ρ∗n nav varbûtîbu mçrs.
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Ðobrîd nav iegûti rezultâti par second-order correctness,
bet ir zinâms, ja Wt tiek izvçlçts ar normâlo sadalîjumu,
tad vispârîgâ gadîjumâ second-order correctness netiks
sasniegts.
Ja Xt ir normâlais sadalîjums, tad, iespçjams, DWB bûs
second-order correctness ar Wt normâlo sadalîjumu, gludas
funkcijas modeïa gadîjumâ.
Ðobrîd nav rekomendâcijas, kâ izvçlçties Wt pie dotiem
X1, . . . ,Xn, lai sasniegtu second-order correctness.
No precizitâtes viedokïa svarîgâk ir izvçlçties a(·) un l
(first-order), kâ Wt.
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Trûkstoði elementi (missing values).

Laika intervâli ir gadîjuma lielumi.
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Xt = 0.6sin(Xt−1) + Zt, kur Zt ir N(0, 1) un n = 200. Tn = X̄ ar
a(x) = (1− |x|)1(|x| ≤ 1).
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