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Doktora darbs

Bartleta korekcija empiriskas ticamibas metodei divu izlasu
gadijuma
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Vislielakas ticamibas attiecibas tests

1. X1,..., Xy ir neatkarigi, vienadi sadaliti gadijuma lielumi
ar blivuma funkciju f(x|6), kur § € © c R¥;

2. Hipotézu parbaude: Hy: 6 € ©p pret Hy: 6 € ©, kur
@()U@l:@CRk un@oﬁelzﬁ).
Tests noraida Hy pie mazam vislielakas ticamibas attiecibas
testa statistikas

_ SUPgeo, L (0) _ L. (fo)
supgee Ln(0) L. (6)

veértibam.
3. Vilksa teoréma:

—2In A\, Nxf, kur 0 <r <k.

4. Ticamibas intervals parametram 6 ir forma:

{9 —21n(Ly(0)/La(61)) < c} , kur ¢ nosaka no
P!<c)=1-a.
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Neparametriska vislielakas ticamibas funkcija

o Ja Xy,..., X, ir neatkarigi un vienadi sadaliti ar kidu
sadalijjuma funkciju Fy, tad funkcijas F neparametriska
ticamibas funkcija ir

n

L(F) = [[(F(X;) — F(Xi-)),

i=1

kur F(x) = P(X <x) un F(x—) = P(X < x);

Teoréma (Owem 2001)

Pienemsim, ka Xi,..., X, ir neatkarigi gadjjuma lielumi ar
sadalijjuma funkciju Fg un F;, ir to empiriska sadaljjuma
funkcija. Ja F # Fp, tad L(F) < L(F,).
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Neparametriskas vislielakas ticamibas funkcijas attieciba

@ Neparametriskaja gadijuma parametrus izsaka ka
funkcionalus no sadalijuma funkcijas 6 = T(F).

@ Piemeri:
@ videja vertiba: 6 = EX = fj(: xdF(x) un @ iegtistam
sekojosi f = [T xdF,(x) =n ' 3, X; =X,
© mediana § =m: [ _dF(x) — f;roo dF(x) = 0.

@ Sadalijuma funkcijas F neparametriskas ticamibas fukcijas

attieciba: LE N
RF) = i) = [T

i=1
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Neparametriskas vislielakas ticamibas funkcijas

attieciba videjai vertibai

@ Ticamibas intervali § = T(F) = p, izmantojot empiriskas
ticamibas att1e01bu

R(p) = sup H np;

pi = 0, Zpl_l Zpl 1—M}'

i= i=1

o Izteiksme [[iL; np; savu mak81mumu sasniedz pie
pi = pi(p) =0 {1 + X\(X; u)} , kur A = \(u) nosaka

no ; (14 A — )} (X5 — ) = 0.

Teoréma (Owen, 2001)

Ja Xi,..., X}, ir neatkarigi un vienadi sadaliti gadijuma lielumi
ar sadalijuma funkciju Fy un po = E(X;), un 0 < D(X;) < o0
tad —21In(R (o)) tiecas uz x?, kad n — oco.
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Neparametriskas un parametrisko metozu salidzinajums

videjai vertibai

n=20 n=50
w ] w
Q <
o | o
& I
= w | = w _|
o | o
S S
w w
— ML = ML
_MLZ\./ o] \/
o 4 — EL o 4 — EL
T T T T T T T T T T
-2 -1 o 1 2 -2 -1 o 1 2
H K

att.. ML1, ML2 un EL —2 X In ticamibas liknes standartnormala
sadalijuma parametram g, o = 0.05.

Jan =20, tad 4 = —0.1, un ja n = 50, tad 2 = —0.01.
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Neparametriskas un parametrisko metozu salidzinajums

videjai vertibai

n=50 n=100
w | o
By <
o | <
I3 <
p— w | = w
o o 4
= S
w w
— ML — ML
— ML2 — MLZ W
s | — EL o 4 — EL
T T T T T T T T T T
-2 -1 o 1 2 -2 -1 o 1 2

n n
att.. ML1, ML2 un EL —2 X In ticamibas liknes dubulta
eksponenciala sadalijuma parametram g, o = 0.05.

Jan =50, tad i = (—0.087; —0.089;0.324) un ja n = 100, tad
fi = (0.056; 0.056; 0.07)
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Parklajuma precizitate vidéjai vertibai

N(0,1) sadalijums

ML1 Z-tests ML2 t-tests EL

n =20 0.9483 0.9493 09396 0.9495 0.9319
n =50 0.9524  0.9537 0.9469 0.9514  0.9463
n = 100 0.9483  0.9500 0.9471 0.9510 0.9472
n = 500 0.9457  0.9504 0.9442 0.9495 0.9445
n = 1000 0.9430  0.9490 0.9430 0.9487  0.9430

X} sadalijums

ML1 Z-tests ML2 t-tests EL
n=20 0.8445 0.8445 0.8839 0.8929 0.8953
n =50 0.8395 0.8395 0.9197 0.9224 0.9297
n = 100 0.8355 0.8355 0.9339 0.9352 0.9404
n = 500 0.8378 0.8378 0.9508 0.9512 0.9516

n = 1000 0.8360 0.8360 0.9454 0.9456 0.9470
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Empiriskas ticamibas metode kvantilem

@ Parastajiem EL ticamibas intervaliem kvantilem
parklajuma kluda ir ar kartu n='/2 pat divpusejo intervalu
gadijuma, savukart ar kodolu metozu palidzibu
nogludinatas EL ticamibas intervalu parklajuma klada ir

ar kartu n—L.

o Tika apskatitas un salidzinatas 3 EL metodes:

© parasta EL;
© Chen un Hall (1993.) gludinata EL metode;
© Zhou un Jing (2003.) gludinata EL metode.
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Kodolu gludinasanas metode

o Xy,..., X, (Xrneatkarigi un vienadi sadaliti) ir izlase ar
blivuma funkciju f.

@ Kodols tiek definéts ka gluda funkcija K, kurai ir speka, ka
K(x) >0, [K(x)dx = 1, [xK(x)dx = 0 un [x?K(x)dx > 0.

@ Normalais jeb Gausa kodols:

@ Ja K ir kodols un joslas platums h ir pozitivs skaitlis, tad
o 1.1 x — Xj
i = - -K
a9 =4 ; h ( h )

ir kodolu blivuma funkcijas novértéjums.
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1) sadalijuma generésana

N(0,1), n=100, h=0.01 N(0,1), n=100, h=0.1
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EL metozu salidzinajums kvantilem

N(0,1), n=20
1T [T
o
=
N
=
S
)
- 4
— EL
— EL_CH
o 4 — ELZ)
T T T T T
-1.0 -0.5 0.0 0.5 1.0
i

EL [-0.48;0.64], ELcy [-0.44;0.52], ELyz;y [-0.58;0.65].
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Parklajuma precizitate N(0,1) medianai

Ticamibas limenis

90% 95Y% 99%

n=20 EL 0.8837 0.9589 0.9884
-1 ELcu 0.8898 0.9498 0.9885
ELcuB 0.8942 0.9509 0.9889

ELz; 0.8988 0.9550 0.9907

-3 ELcH 0.8951 0.9468 0.9883
ELcuB 0.8996 0.9507 0.9897

ELz; 0.9117 0.9598 0.9930

-1 ELcn 0.8977 0.9465 0.9881
ELcuB 0.9026 0.9505 0.9895

ELz; 0.9327 0.9703 0.9959
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Valeinis (2007) Vacija Getingenas Universitates izstradataja
disertacija paradija, ka visparinat empirisko ticamibas funkcijas
metodi divu izlasu gadijuma visparéja forma, kas sevi ietver
divu videjo vertibu, sadalijjuma un kvantilu funkciju starpibas,
Q-Q, P-P grafikus, ROC liknes, ka ari strukturalos attiecibu
modelus.

Nakamais solis:

Paradit Bartleta korekciju divu izlasu gadijumiem vispareja
forma.
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Edgeworth izvirzijumi

iegiit statistikas sadalijuma aproksimaciju caur ta kumulantiem

Edgeworth izvirzijums statistikai Sy

e Xy,...,X, i.i.d. gadijuma lielumi ar vid&jo vértibu 6y un
galigu dispersiju o2.

@ S, =n"2(0 —6y) /o, kur § = X.

s, (t) = E{exp(itSy)} — E{exp(itN(0,1))} = e ¥/2, t € R.
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Edgeworth izvirzijumi

s, (t) = e /2{1 + 021y (it) + 0 ra(it) 4 . .. 4+ 0 2r(it) + ..},

1
kur r1(u) = $r30®, r2(u) = Fraut + Hk3ub, utt.

@s,(t) = / e dP(S, < x) un e */2 = / e do(x),

— o0

P(Sn < x) = ®(x) + 2Ry (x) + n T Ro(x) 4 ... + 0 2R(x) + ... .,

Edgeworth izvirzijums S,

P(Sy < x) = &(x) + 01 (x)(x) + 0~ pa(x)p(x) + . . ..
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EL metode vienai izlasei

o Xy,...,X, i.i.d. gadijuma lielumi ar nezinamu sadalijuma
funkciju F un parametru 6;

o g(X,0), E{g(X,0)} = 0 (videjai vertibai g(X;,8) = Xi — p);

o Empiriska ticamibas funkcija parametram 6

LO) = [[p = [0+ MO)2(,.6)} !

@ Empiriskas ticamibas attieciba parametram 6

R(E) = p = [T+ A0)e(%.0)

Logaritmiska empiriskas ticamibas attieciba

W(b) = —2log R(f) —a X7,

kad n — oo un Hy : 8 = 6 ir speka.
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Bartleta korekcija vidéjai vertibai

Koriget W(0) ar tas videjo vertibu E{W(0)}, kuras izvirzijums
ir forma 1 — an™!, uzlabojot tas x? sadalfjuma aproksimacijas
kliidu no O(n~!) uz O(n=2).

Apzimégjumi: o = E(XX) un Ay =n~1 3, XK — .

1. No n™ ! 37(Xs — p){1 + M(X; — p)} 71 = 0 nosaka \ :
A=A +a3A? — AjAy + A1AS + A%A5 + 203A% — 3a3A%A,
— ayA} + 0p(n7?).
2. Nosaka n~'Wy izvirzijumu:

2 2
n" "Wy =A? — AyA? + g043A§ + A2ZA? + gA3A§ — 203A5A3

1
+ a3A] — 5044A411 + Op(n_5/2).
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Bartleta korekcija vidéjai vertibai

3. n~'Wy var uzrakstit forma n~'Wy = R? + Op(n_5/2), kur
R=R;i +Ro+R3+ Op(n_Z) un

1 1 .
R1 = Al, R2 = —§A2A1 + gOégA%,

3 .- 1 . ) . 4 . 1
R3 — gAéAl —+ §A3A% — EagAzA% + §0¢§A? — Z@MA?.

4. Ka rezultata n='Wy var parrakstit forma
n"'Wy = R? + 2R1 Ry + 2R Rz + R2 + O, (n™"/?).
Johnson un Kotz pieradija, ka s—tais nR? kumulants ir
ks = 27 (s — 1){E(nR?)}® 4+ O(n~%/?).

s—tais (nR?){E(nR?)} ! kumulants ir 257!(s — 1)!, kas ir
arl s—tais 7 kumulants.
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Bartleta korekcija vidéjai vertibai

5. P[Wo{E(nR?)}! <z] =P(x} <z)+ O(n?).
E(nR?) = n{E(R?) + 2E(R;Rz) + 2E(R;R3) + E(R3)} + O(n?)

1 1
=1+n" (_gag + 5@4) +0(n™?)

6. Ja EL ticamibas intervals parametram gy ir
Lo ={p: W(n) <cal,

kur c, ir tads, ka P(x? < c¢,) = 1 — o, tad EL ticamibas
intervals ar Bartleta korekciju ir

I, = {1 W(n) <ca(l+n""a)},

Sandra Vucane EL metode un Bartleta korekcija



Simulacijas Bartleta korekcijai N(0, 1) vidéjai vertibai

Ticamibas limenis

90Y% 95% 99%
n=10 EL 0.8429 0.8975 0.9552
ELg,,, 0.8674 0.9162 0.9650
ELg,,, 0.8616 0.9118 0.9633
n=20 EL 0.8786 0.9334 0.9787
ELg,,, 0.8924 0.9420 0.9830
ELg,,, 0.8900 0.9410 0.9825
n=50 EL 0.8910 0.9456 0.9867
ELg,,, 0.8952 0.9486 0.9879
ELg,_. 0.8948 0.9482 0.9877
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Simulacijas Bartleta korekcijai x? vidéjai vertibai

Ticamibas limenis

90% 95% 99%
n=10 EL 0.7704 0.8329 0.8975
ELg,., 0.8389 0.8826 0.9297
ELg,,, 0.7906 0.8480 0.9074
n=20 EL 0.8394 0.8925 0.9523
ELg,., 0.8741 0.9198 0.9669
ELg,,, 0.8540 0.9042 0.9587
n=>50 EL 0.8710 0.9265 0.9776
ELg,,, 0.8876 0.9387 0.9818
ELg,,, 0.8797 0.9328 0.9793
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Bartleta korekcija kvantilem

g(Xji, 0) = Gn(0 — Xi) — q, kur Gp(x) = G(x/h) un h ir joslas
platums un G(t) = [*__ K(x)dx.

Chen un Hall pieeja:
1. Non 'Y gi(1+ Agi) ™! =0 iegast A :
i

A=8"81 +8 58 +{28,°83 — & 'g}E

]
+ 22 Rudf + Op{(n™1/2 + 001,
k=4
2. legust W(0) izvirzijumu

1 2_ 4 _ E_ 1_ 4.\ _
W(0) =n{g; '8} + 8 g8} + (gz °g3 — & 4g4> g1

6 _ 7 2_ =\ _
- <2g2 08384 — 28, 85 — =& 5g5) g}

j
+nY Ragi ™ + Opf{u(m™"/? + ')}
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Bartleta korekcija kvantilem

3. W(0) var uzrakstit forma W(6) = (n'/28] )2

——1/2 =
S =g, *{@ +

1__o_ 4__4 0 1__3_ Y\ _3
§g2 g3871 + (§g2 83 — 182 g4> g1

n (23__6 11 + 1 ) 4
27 g3 — 12g2 g3g4 5%2 g5 g1

+ Z Tigi} + Usj = Sj + Uy,
k=5

4. legist Edgeworth izvirzijumu n'/ 28j sadalijjumam,

5. Izpildoties zindmiem nosacijumiem, var iegit, ka
E{W(#)} =1 +n"'f+o(™"),

kur 3= §(3u5 2 g — 205" 113)
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Simulacijas Bartleta korekcijai x% medianai

Ticamibas limenis

90% 95% 99%

n =50 EL 0.8798 0.9347 0.9930
-1 ELcnu 0.8859 0.9425 0.9914

ELch,  0.8866 0.9437 0.9917

-3/ ELcn 0.8927 0.9464 0.9906

ELch,  0.8942 0.9482 0.9912

—1/2 ELcqy 0.8953 0.9490 0.9906

ELcu,  0.8971 0.9493 0.9908

—4 ELcy 0.8926 0.9463 0.9893

ELcu,  0.8943 0.9483 0.9903
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EL metode divam izlasém

® Xy,..., Xy, iriid. ~Fyun Yy,..., Yy, iriid. ~ Fy;

@ Informacija par parametriem 6y un Ag ir pieejama ar
funkcijam w1 (Xj, 0, Ao, t) un wa(Yj, 0y, Ao, t), kuram ir
speka

Ep, w1(X, 0, Ao, t) =0, Ep,wa(Y, 0y, Ao, t) =0.

@ Empiriskas ticamibas attieciba

nz

R(A.60) = sup [ [(uipr) [ (n2qg), kur

vayqizl j:l

bi = {nl(l + A1(9)“’1(>(i707 A7t))}_17 i=1,...,m.
qj = {n2(1 + Ao (O)wa(Y, 0,4, 6))} 7,

I
=
=

oy

Sandra Vucane EL metode un Bartleta korekcija



EL metode divam izlasém

o Empiriska logaritmiska ticamibas attieciba

n
W(A,0) =—2logR(A,0) =2 log(1l + A(8)wi(X;,0,A,t))
i=1

nz
+2) log(1 + M(0)wa(Yj, 0, A, t)).
=1

o Parametra 6 novertgjumu § = G(A), kas maksimize R(A, 6)
fiksetam parametram A, var iegit no vienddojuma,

OW (A, 0)/90

Izpildoties zinamiem nosacijumiem

-2 log R,(A(), 9\) —d X%,
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Bartleta korekcija 2 izlasu vidéjo starpibai

o 0y = [ XdFi(x), Ao = [ YdFy(y) — [ XdF;(x) un
w1 =X —0p, wag=Y — 0y — Ay;

@ Liu, Zou un Zhang (2008) ieguva n~'W(#) forma
n'W(0) = Ay + Aj + Op(n=5/2),

) A; = ZA%I(AB — A03) + (A02 — Alg)Agl, tacu
Dy = FA% (A3 — Agz) + (A2 — A12)(Af) +asAd; — Aj  An2),
ko var parrakstit Agp = A + 6
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Simulacijas Bartleta korekcijai x5 un exp (1) videjo

starpibai

D2:10 n2:20 Il2:30

n; =10 EL 0.8877 0.9210 0.9284
ELg,., 0.9183 0.9364 0.9412

ELg,,, 0.9057 0.9352 0.9374

n; =20 EL 0.8915 0.9213 0.9313
ELg,,, 0.9162 0.9358 0.9425

ELg,,, 0.9056 0.9318 0.9403

n; =30 EL 0.8838 0.9251 0.9342
ELg,,, 0.9119 0.9355 0.9427

ELg,,, 0.9007 0.9286 0.9379
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Simulacijas Bartleta korekcijai exp(1) un exp(2) videjo

starpibai

D2:10 n2:20 Il2:30

n; =10 EL 0.8862 0.8803 0.8757
ELg,,, 0.9186 0.9134 0.9167

ELg,,, 0.9015 0.8962 0.8946

n; =20 EL 0.9170 0.9163 0.9201
ELg,,, 0.9379 0.9378 0.9343

ELg,,, 0.9305 0.9257 0.9280

n; =30 EL 0.9200 0.9261 0.9289
ELg,,, 0.9389 0.9396 0.9430

ELg,,,  0.9339 0.9378 0.9374
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Bartleta korekcija visparinatajai 2 izlasu probléemai

@ Darba iegutais rezultats:
o =1 o = ——3 o —_2\_-2
W =2V1w, wi1 + (2V1WisWiy — VoWwrs Wi
~ =——3 o= =4 o= ——4 ~ =2 ——5)\ -3
+ (§V3W12 — 2VaWiaWiy — 2V WiaWy, +4V1WisWo, > Wiy
+ | 293w W13 — + 27 — 5% ) wi
3W1a W13 2V4W12 V2W14W12 V2W13W12 Wi

2
o =5 | on = = =T  ge = =6 | po =2 T\ =5
+ (3V5W12 + 2VoWi3WiaWiy — 2V3WiaWyy + 6V3WisWi, | Wiy

J
6 k+1
(4V2W13W12 + 2V4 W13 W, ) W11 + E Rok Wy,
k=5

+ (0p(b) + Op(6 +171/2)y*2,

kur b = min(by, bg), ] = min(n;, ny), 6 = O(b"),
Vk = mWik + HQCkV_VQk, Wik = Dl_l Ei:l Wlf un
Wok = nz_l Zjni1 w5.
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Paldies par uzmanibu!
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